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Objective
Optimal control of a dynamic
system :

optimality : max.
discounted cumulative
reward
from interactions
(si , ai , ri , si+1)

without knowing the model
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Markov Decision Process

MDP = {S, A, P, R, γ}
S state space, A action space, γ discount factor

P : s, a ∈ S × A→ p(.|s, a) ∈ P(S)
R : s, a, s′ ∈ S × A× S → r = R(s, a, s′) ∈ R

Policy

π : s ∈ S → π(.|s) ∈ P(A)

(State-action) value function

Qπ(s, a) = E [
∑∞

i=0 γ i ri |s0 = s, a0 = a, π]

Optimal policy

π∗ = argmaxπ Qπ

π∗(s) = argmaxa∈A Q∗(s, a)
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Bellman evaluation equation

Qπ(s, a) = Es′,a′|s,a,π[R(s, a, s′) + γQπ(s′, a′)]
Qπ = T πQπ

=⇒ policy iteration framework

Bellman optimality equation

Q∗(s, a) = Es′|s,a[R(s, a, s′) + γ maxb∈A Q∗(s′, b)]
Q∗ = T ∗Q∗

=⇒ value iteration framework

Goal of RL

find the optimal policy π∗, or at least a near optimal policy

here we focus on finding an optimal policy from a given initial
state s0 :
ρ(π) = E [

∑∞
i=0 γ i ri |s0, π]
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Critic architecture

π∗ is greedy resp. to Q∗

estimate Q̂∗, define π̂∗ as
π̂∗(s) = argmaxa∈A Q̂∗(s, a)

no structure for the policy

Actor architecture

try directly to maximize ρ(π),
without mainaining a
structure for Qπ

e.g., gradient ascent
π ← π + α∇πρ(π)

no structure for the value
function

Actor-critic architecture

a structure for both the policy
and the value function

strucures are interacting
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assume that the policy π is parametrized by ω ∈ Rp

e.g., πω(a|s) = exp(ωT φ(s,a))P
b∈A exp(ωT φ(s,b))

a natural idea is to correct πω according to a gradient
ascent
ωi = ωi−1 + αi∇ωρ(πωi−1)

how to express ∇ωρ(πω) = ∇ω(E [
∑∞

i=0 γ i ri |s0, πω]) ?

Policy Gradient Theorem

∇ωρ(πω) =
∑
s∈S

dπ(s)
∑
a∈A

Qπω(s, a)∇ωπω(a|s)

with dπ the discounted weighting of states encountered
dπ(s) =

∑∞
i=0 γ ip(si = s|s0, π)
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PG theorem :

∇ωρ(πω) =
∑
s∈S

dπ(s)
∑
a∈A

Qπω(s, a)∇ωπω(a|s)

the response is YES if

Q̂θ is a good approximation :
Es,a|dπω ,πω

[(Qπω (s, a)− Q̂θ(s, a))∇θQ̂θ(s, a)] = 0
the parametrization is compatible :
∇θQ̂θ(s, a) = ∇ω ln πω(a|s)

Policy gradient with function approximation
Under these assumptions :

∇ωρ(πω) =
∑
s∈S

dπ(s)
∑
a∈A

Q̂θ(s, a)∇ωπω(a|s)
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natural policy gradient : replace the gradient by a natural
gradient

natural gradient : gradient pre-multiplied by the inverse of
the Fisher information matrix :
∇̃ρ(πω) = G−1(ω)∇ρ(πω)

the Fisher information matrix is equal to :
G(ω) = Es,a|dπω ,πω

[∇ω ln πω(a|s)∇T
ω ln πω(a|s)]

Natural policy gradient wiht FA
under the same assumptions as before :

∇̃ρ(πω) = θ

(recall that θ is the parameter vector of Q̂θ)
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Principle

deriving a natural actor-critic algorithm

actor update, natural gradient ascent : ωi = ωi−1 + βiθi
critic update ?

Q̂θ does not approximate the Q-function, but the
advantage function
Aπ(s, a) = Qπ(s, a)− V π(s) = Qπ(s, a)− Ea|s,π[Qπ(s, a)]

this is because :
Ea|s,π[Q̂θ(s, a)] = Ea|s,π[θT∇ω ln πω(a|s)] = 0
the advantage function does not satisfy a Bellman
equation, deriving a critic is not straightforward
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equation, deriving a critic is not straightforward
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An example : NTD

Q̂θ is chosen such as satisfying the compatibility condition

as it represents the advantage function, it is not enough
an approximate value function V̂ξ(s) is introduced, and
learned using classical TD-learning :{

δi = ri + γV̂ξi−1(si+1)− V̂ξi−1(si)

ξi = ξi−1 + αi∇ξ(V̂ξi−1(si))δi

the TD error δi is used as the target for the advantage
function (bootstrap !) :
θi = θi−1 + αi∇ξ(Q̂θi−1(si , ai))(δi − Q̂θi−1(si , ai))

to ensure the “good approximation condition”, the actor
should seem stationnary from the critic point of view :
limi→∞

βi
αi

= 0
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deriving a critic is not direct...

Why not directly representing the Q-function ?

Semi-compatible approximation

Q̂θ,ξ = fθ(s, a) + gξ(s)

with fθ(s, a) being compatible :

∇θfθ(s, a) = ∇ω ln πω(a|s)

fθ(s, a) approximates the advantage function, and gξ(s) the
value function
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what about theoretical results with the semi-compatibility ?

all results presented so far still hold, with minor changes in
the proofs !
this is due to a known result : the policy gradient is
invarient to any state-dependent bias

∇ωρ(πω) =
∑
s∈S

dπω(s)
∑
a∈A

(Qπω(s, a) + b(s))∇ωπω(a|s)

in our case, b(s) = gξ(s)
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TD-NAC

the actor is still updated according to the natural gradient
ascent :
ωi = ωi−1 + βiθi

the critic is updated according to a simple TD-learning
(with the two-timescale approach) :

δi = ri + γQ̂θi−1,ξi−1(si+1, ai+1)− Q̂θi−1,ξi−1(si , ai)(
θi
ξi

)
=

(
θi−1
ξi−1

)
+ αiδi∇θ,ξQ̂θi−1,ξi−1(si , ai)

TD-NAC is not the same algorithm as NTD, however links
can be drawn
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KNAC

the actor is still updated according to the natural gradient
ascent :
ωi = ωi−1 + βiθi

the critic is based on KTD :
(

θi

ξi

)
=

(
θi−1

ξi−1

)
+ vi

ri = Q̂θi ,ξi (si , ai)− γQ̂θi ,ξi (si+1, ai+1) + ni

two main ideas :

use a second order critic instead of a first order one =⇒
sample efficiancy
use an adaptive critic (through noise vi ) instead of the two
time-scale approach (actor stationarity→ “good
approximation” condition)
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