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ol
Optimal control of a dynamic
system :

L @ optimality : max.
*:Z discounted cumulative

reward

QJ @ from interactions
action @, (sh ah rll7 sl+1)

@ without knowing the model

‘“ﬁg;

Matthieu GEIST Revisiting NAC with FA 3/19



Background paradian

MDP and Bellman equations
Actor, Critic and actor-critic

Markov Decision Process

MDP = {S,A, P, R.7}
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Markov Decision Process

MDP = {S,A, P, R.7}

S state space, A action space, v discount factor
P:s,ae SxA—p(.ls,a) e P(S)
R:s,a,s e SxAxS—r=R(sas)eR

m:8€ S — m(.|s)e P(A)

(State-action) value function

Q™(s,a) = E[> 72, ~'ri|so = s, a = a, 7]

Optimal policy

n* = argmax,. Q"
m*(8) = argmax,., Q*(s, a)
isitil FA
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— policy iteration framework

Bellman optimality equation
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MDP and Bellman equations
Actor, Critic and actor-critic

Bellman evaluation equation

Q7(s,a) = Egy 2(s,a-[A(s,a,8) + Q" (5, &)]
Q’/r = T’/roﬂ

— policy iteration framework

| \

Bellman optimality equation
Q*(s,a) = Eg s a[A(s, a,8") + ymaxpea Q* (', b)]
— value iteration framework

| A

Goal of RL
@ find the optimal policy 7*, or at least a near optimal policy

@ here we focus on finding an optimal policy from a given initial
state sp :

p(m) = E[X-720'i|S0, 7]

Matthieu GEIST"Revisiting NAC With FA
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Critic architecture
@ 7* is greedy resp. to Q*

@ estimate Q*, define #* as
Ak

7*(8) = argmax ¢ 4 Q(s, a)

@ no structure for the policy

Actor architecture

@ ftry directly to maximize p(r),
without mainaining a
structure for Q™

@ e.g., gradient ascent
T — T+ aVp(m)

@ no structure for the value
function
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Critic architecture Actor-critic architecture

@ 7* is greedy resp. to Q*

@ estimate Q*, define #* as
Ak

7*(8) = argmax ¢ 4 Q*(s, a)

@ no structure for the policy

Actor architecture

@ ftry directly to maximize p(r),
without mainaining a
structure for Q™

@ e.g., gradient ascent
T — T+ aVp(m)

@ no structure for the value
function
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Function

/

slate action

reward

—' Environment i—c—/

@ a structure for both the policy
and the value function

@ strucures are interacting
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@ Policy gradient
@ Policy gradient with FA

@ Natural policy gradient with FA

@ Deriving a critic
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@ assume that the policy 7 is parametrized by w € RP

_ exp(wT¢(s,a))
€.9. mo(als) = = = oot o(s.b))
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@ assume that the policy = is parametrized by w € RP

_ _ exp(w’d(s,a)
e.g., 7Tw(3|s) T T peaexp(wé(s,b))
@ a natural idea is to correct 7, according to a gradient
ascent

wi = wj—1 + jVup(my_,)
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Natural policy gradient with FA
Deriving a critic

@ assume that the policy = is parametrized by w € RP

. exp(w’ ¢(s,a))
e.g., mu(als) = > pea P(wTo(s,b))

@ a natural idea is to correct 7, according to a gradient
ascent
wi = wj—1 + jVup(my_,)

@ how to express V() = Vo, (E[> 707/ ri|S0, m0]) ?
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Natural policy gradient with FA
Deriving a critic

@ assume that the policy = is parametrized by w € RP

_ _ exp(w’d(s,a)
e.g., 7Tw(3|s) T T peaexp(wé(s,b))
@ a natural idea is to correct 7, according to a gradient
ascent

wi = wj—1 + jVup(my_,)
@ how to express V() = Vo, (E[> 707/ ri|S0, m0]) ?

Policy Gradient Theorem

Vop(mo) =Y _d™(s) Y Q™(s a)V,m.(als)

seS acA

with d™ the discounted weighting of states encountered
d™(s) = 2220 7'P(si = s|so,7)
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@ PG theorem :

Vup(mo) = d™(s) Y Q™ (s, a)V,m.(als)

seS acA
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@ PG theorem : replace Q™ by Qy ?

Vop(m) =Y d™(s)>_ Qy(s.a)Vum,(als)

seS acA
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@ PG theorem : replace Q™ by Qy ?

Vop(m) =Y d™(s)>_ Qy(s.a)Vum,(als)

seS acA

@ the response is YES if

e Qis agood approximation : A
Es ajdme =, [(Q™(8,8) — Qy(s,a))VeQy(s,a)] =0
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@ PG theorem : replace Q™ by Qy ?

wp 7Tw Z dTr ) Z ég(S, 3)Vw7rw(a|3)
seS acA
@ the response is YES if
e Qis agood approximation : A
Es ajdme =, [(Q™(8,8) — Qy(s,a))VeQy(s,a)] =0
e the parametrization is compatible :
VoQy(s,a) = Vwlinr,(als)
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lllustration and conclusion Deriving a critic

@ PG theorem : replace Q™ by Qy ?

w,o 7Tw Z dﬁ ) Z é@(sv 3)Vw7rw(a|3)
seS acA

@ the response is YES if

o yisa good approximatipn : A

Es ajame =, [(Q™ (8, @) — Qp(s,a))VoQy(s,a)] =0
e the parametrization is compatible :

VoQy(s,a) = Vwlinr,(als)

Policy gradient with function approximation

Under these assumptions :

Vop(m,) =Y d™(s) > Qu(s, a)Vum.(als)

seS acA
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@ natural policy gradient : replace the gradient by a natural

gradient
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Natural policy gradient with FA
Deriving a critic

@ natural policy gradient : replace the gradient by a natural
gradient

@ natural gradient : gradient pre-multiplied by the inverse of
the Fisher information matrix :
ﬁp(ﬂw) = G (w)Vp(m)
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Deriving a critic

@ natural policy gradient : replace the gradient by a natural
gradient

@ natural gradient : gradient pre-multiplied by the inverse of
the Fisher information matrix :
ﬁp(ﬂw) = G (w)Vp(m)

@ the Fisher information matrix is equal to :
G(w) = Es ggro =, [V INmu(als)V] In7,(als)]
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Policy gradient

Natural actor-critics Policy gradient with FA
Natural policy gradient with FA
Deriving a critic

@ natural policy gradient : replace the gradient by a natural
gradient

@ natural gradient : gradient pre-multiplied by the inverse of
the Fisher information matrix :
ﬁp(ﬂw) = G (w)Vp(m)

@ the Fisher information matrix is equal to :
G(w) = Es ggro =, [V INmu(als)V] In7,(als)]

Natural policy gradient wiht FA

under the same assumptions as before :

Vp(r,) =0

(recall that 6 is the paramter vector of Q)

Matthieu GEIST Revisiting NAC with FA 9/19
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Revisiting Natural actor-critics Natural policy gradient with FA
lllustration and conclusion Deriving a critic

@ deriving a natural actor-critic algorithm

[m] = =
Matthieu GEIST Revisiting NAC with FA
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Principle

@ deriving a natural actor-critic algorithm
e actor update, natural gradient ascent : w; = w;_1 + Gi0;
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Natural policy gradient with FA
Deriving a critic

Principle

@ deriving a natural actor-critic algorithm
e actor update, natural gradient ascent : w; = w;_1 + Gi0;
e critic update ?

@ Q) does not approximate the Q-function, but the

advantage function
A"(s,a) = Q7(s,a) — V7(s) = Q7(s, @) — E4s[Q7(s, )]
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Policy gradient
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Natural policy gradient with FA
Deriving a critic

Principle

@ deriving a natural actor-critic algorithm
e actor update, natural gradient ascent : w; = w;_1 + Gi0;
@ critic update ?
@ Q) does not approximate the Q-function, but the
advantage function
AT(s,a) = Q7 (s,a) — V7(s) = Q"(s,a) — E4s[Q" (S, a)]
@ this is because :
Ea|s,7r[09(37 a)] = Ealsnr[ervw Inﬂw(a|3)] =0
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Policy gradient

Natural actor-critics Policy gradient with FA
Natural policy gradient with FA
Deriving a critic

Principle

@ deriving a natural actor-critic algorithm
e actor update, natural gradient ascent : w; = w;_1 + Gi0;
@ critic update ?
@ Q) does not approximate the Q-function, but the
advantage function
AT(s,a) = Q7 (s,a) — V7(s) = Q"(s,a) — E4s[Q" (S, a)]
@ this is because :
Ea|s,7r[09(3» a)] = Ealsnr[ervw Inﬂw(a|3)] =0
@ the advantage function does not satisfy a Bellman
equation, deriving a critic is not straightforward
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@ () is chosen such as satisfying the compatibility condition

Matthieu GEIST Revisiting NAC with FA 11/19



Policy gradient

Natural actor-critics Policy gradient with FA
Natural policy gradient with FA
Deriving a critic

An example : NTD

@ () is chosen such as satisfying the compatibility condition
@ as it represents the advantage function, it is not enough

Matthieu GEIST Revisiting NAC with FA

11/19



Policy gradient
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Natural policy gradient with FA
Deriving a critic

An example : NTD

@ () is chosen such as satisfying the compatibility condition
@ as it represents the advantage function, it is not enough

@ an approximate value function ‘A/g(S) is introduced, and
learned using classical TD-learning :

di=ri+ 7‘7&71 (Sit1) — \A/Ei—1 (si)
§i =&t + aiVe(Ve,_,(81))d;
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Policy gradient
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Natural policy gradient with FA
Deriving a critic

An example : NTD

@ () is chosen such as satisfying the compatibility condition
@ as it represents the advantage function, it is not enough

@ an approximate value function ‘A/g(S) is introduced, and
learned using classical TD-learning :

di=ri+ 7‘7&71 (Sit1) — \A/Ei—1 (si)
§i = &1+ aVe(Ve_ (8i))di
@ the TD error ¢; is used as the target for the advantage

function (bootstrap ) : A
0i = 0i—1 + a;jVe(Qy_, (S, @) (6 — Qp,_, (si, @)
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Policy gradient
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Deriving a critic

An example : NTD

@ () is chosen such as satisfying the compatibility condition
@ as it represents the advantage function, it is not enough

@ an approximate value function \A/g(s) is introduced, and
learned using classical TD-learning :
{5i =Ii+ 7‘7&71 (Si—H) - \A/Ei—1 (Si)

& = &1+ Ve Ve, (8))0;

@ the TD error ¢; is used as the target for the advantage
function (bootstrap ) : A
0i = 0i—1 + aiVe(Qy,_,(si, @) (6 — Qo (51, &)))

@ to ensure the “good approximation condition”, the actor
should sﬁeem stationnary from the critic point of view :
lim;_ 2 =0

«
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e Revisiting Natural actor-critics
@ Semi-compatible approximation
@ Reuvisiting (natural) policy gradient with FA
@ Deriving new algorithms
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Semi-compatible approximation
Reuvisiting (natural) policy gradient with FA
Deriving new algorithms

@ deriving a critic is not direct...
@ Why not directly representing the Q-function ?

Semi-compatible approximation

Que = fo(s,8) + ge(s)
with fy(s, a) being compatible :

Vofy(s,a) = Vi Inm,(als)
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Semi-compatible approximation
Reuvisiting (natural) policy gradient with FA

Revisiting Natural actor-critics
Deriving new algorithms

@ deriving a critic is not direct...
@ Why not directly representing the Q-function ?

Semi-compatible approximation

Que = fo(s,8) + ge(s)
with fy(s, a) being compatible :

Vofy(s,a) = Vi Inm,(als)

@ fy(s, a) approximates the advantage function, and g¢(s) the
value function
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@ what about theoretical results with the semi-compatibility ?
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@ what about theoretical results with the semi-compatibility ?

@ all results presented so far still hold, with minor changes in
the proofs !
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Semi-compatible approximation
Reuvisiting (natural) policy gradient with FA

Revisiting Natural actor-critics
Deriving new algorithms

@ what about theoretical results with the semi-compatibility ?

@ all results presented so far still hold, with minor changes in
the proofs !

@ this is due to a known result : the policy gradient is
invarient to any state-dependent bias

Vop(rs) = 3 d™(s) Y (Q(s.8) + b(s))Vur(als)

seS acA
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Semi-compatible approximation
Reuvisiting (natural) policy gradient with FA

Revisiting Natural actor-critics
Deriving new algorithms

@ what about theoretical results with the semi-compatibility ?

@ all results presented so far still hold, with minor changes in
the proofs !

@ this is due to a known result : the policy gradient is
invarient to any state-dependent bias

Vop(rs) = 3 d™(s) Y (Q(s.8) + b(s))Vur(als)

seS acA

@ inour case, b(s) = g:(s)

Matthieu GEIST Revisiting NAC with FA 14/19
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Deriving new algorithms

TD-NAC

@ the actor is still updated according to the natural gradient
ascent :
wj = wj—1 + Gib;
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Reuvisiting (natural) policy gradient with FA

Revisiting Natural actor-critics L )
Deriving new algorithms

TD-NAC

@ the actor is still updated according to the natural gradient
ascent :
wj = wi—1 + Gib;

@ the critic is updated according to a simple TD-learning
(with the two-timescale approach) :

0 = 1i+7Q0_ .- (Sivt1: 8i1) — Qo_y.6(8), @)

0; 0;_ A
<§:> - <§::> + @i6iVo,eQo_y g (S0 a))
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Semi-compatible approximation
Reuvisiting (natural) policy gradient with FA

Revisiting Natural actor-critics L )
Deriving new algorithms

TD-NAC

@ the actor is still updated according to the natural gradient
ascent :
wj = wi—1 + Gib;

@ the critic is updated according to a simple TD-learning
(with the two-timescale approach) :

0 = 1i+7Q0_ .- (Sivt1: 8i1) — Qo_y.6(8), @)

0; 0;_ A
<§:> - <§::> + @i6iVo,eQo_y g (S0 a))

@ TD-NAC is not the same algorithm as NTD, however links
can be drawn
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@ the actor is still updated according to the natural gradient
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wj = wj—1 + Bib;
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KNAC

@ the actor is still updated according to the natural gradient
ascent :
wj = wi—1 + Bib;

@ the critic is based on KTD :

01\ _ (0i
§i §i—1

ri = Qo,¢,(Si, @) — 7Qo,6,(Sit1, @ir1) + 1

+ Vv
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@ the actor is still updated according to the natural gradient
ascent :
wj = wi—1 + Bib;

@ the critic is based on KTD :

01\ _ (0i
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@ two main ideas :
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Revisiting Natural actor-critics L )
Deriving new algorithms

KNAC

@ the actor is still updated according to the natural gradient
ascent :
wj = wi—1 + Bib;

@ the critic is based on KTD :

01\ _ (0i
§i §i—1

ri = Qo,¢,(Si, @) — 7Qo,6,(Sit1, @ir1) + 1

+ Vv

@ two main ideas :
@ use a second order critic instead of a first order one =
sample efficiancy
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Semi-compatible approximation
Reuvisiting (natural) policy gradient with FA

Revisiting Natural actor-critics L )
Deriving new algorithms

KNAC

@ the actor is still updated according to the natural gradient
ascent :
wj = wi—1 + Bib;

@ the critic is based on KTD :

01\ _ (0i
§i §i—1

ri = le.,g,(s,-, aj) — 709/,§i(3i+1 ,@i1) + N

+ Vv

@ two main ideas :
@ use a second order critic instead of a first order one —-
sample efficiancy
e use an adaptive critic (through noise v;) instead of the two
time-scale approach (actor stationarity — “good
approximation” condition)

Matthieu GEIST Revisiting NAC with FA 16/19



Background
Natural actor-critics Preliminary results
Revisiting Natural actor-critics Conclusion and perspectives
lllustration and conclusion

e Illustration and conclusion
@ Preliminary results
@ Conclusion and perspectives
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Preliminary results
Conclusion and perspectives
lllustration and conclusion

@ contributions :
e slight variation of existing theoretical results allowing to
work directly with the state-action value function
e some of possible resulting algorithms
e the idea of using an adaptive critic
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Preliminary results
Conclusion and perspectives
lllustration and conclusion

@ contributions :
e slight variation of existing theoretical results allowing to
work directly with the state-action value function
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