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Abstract

We consider the problem of planning in a stochastic and discounted environment with a
limited numerical budget. More precisely, we investigate strategies exploring the set of possible
sequences of actions, so that, once all available numerical resources (e.g. CPU time, number of
calls to a generative model) have been used, one returns a recommendation on the best possible
immediate action (or sequence of actions) to follow based on this exploration. The performance
of a strategy is assessed in terms of its simple regret, that is the loss in performance resulting
from choosing the recommended action instead of an optimal one. We first provide a minimax
lower bound for this problem, and show that a uniform planning strategy matches this minimax
rate (up to a logarithmic factor). Then we propose a UCB (Upper Confidence Bounds)-based
planning algorithm, called OLOP (Open-Loop Optimistic Planning), which is also minimax
optimal, and prove that it enjoys much faster rates when there is a small proportion of near-
optimal sequences of actions. Finally, we compare our results with the regret bounds one can
derive for our setting with bandits algorithms designed for an infinite number of arms.

1 Introduction

We consider the problem of planning in general stochastic and discounted environments. More pre-
cisely, the decision making problem consists in an exploration phase followed by a recommendation.
First, the agent explores freely the set of possible sequences of actions, using a finite budget of n
actions. Then the agent makes a recommendation on the first action a(n) (or sequence of actions)
to play. This decision making problem is described precisely in Figure 1. The goal of the agent is
to find the best way to explore its environment (first phase) so that, once the available resources
have been used, he is able to make the best possible recommendation on the action to play in the
environment.

During the exploration of the environment, the agent iteratively selects sequences of actions and
receives a reward after each action. More precisely, at time step ¢ during the m** sequence, the
agent played all, = a"...a* € A" and receives a discounted reward v'Y;™ where v € (0,1) is the
discount factor. We make a stochastic assumption on the generating process for the reward: given
ay, Y; is drawn from a probability distribution v(al%) on [0,1]. Given a € A?, we write p(a) for
the mean of the probability v(a).

The performance of the recommended action a(n) € A (or sequence, in which case a(n) € A")
is assessed in terms of the so-called simple regret r,,, which is the performance loss resulting from



Ezxploration in a stochastic and discounted environment.

Parameters available to the agent: discount factor v € (0,1), number of actions
K, number of rounds n.

Parameters unknown to the agent: the reward distributions v(a), a € A™.

For each episode m > 1; for each moment in the episode ¢ > 1;

(1) If n actions have already been performed then the agent outputs an action
(or a sequence) a(n) and the game stops.

(2) The agent chooses an action af® € A.

(3) The environment draws Y{" ~ v(aly) and the agent receives the reward
YY"

(4) The agent decides to either move the next moment ¢ + 1 in the episode or
to reset to its initial position and move the next episode m + 1.

Goal: maximize the value of the recommended action (or sequence): V(a(n)) (see
(1) for the definition of the value of an action).

Figure 1: Exploration in a stochastic and discounted environment.

choosing this sequence and then following an optimal path instead of following an optimal path from
the beginning:
rn =V —V(a(n)),

where V(a(n)) is the (discounted) value of the action (or sequence) a(n), defined for any finite
sequence of actions a € A" as:

V(e)=  sup > y'u(ury), (1)

UEA® uy.p=a t>1

and V is the optimal value, that is the maximum expected sum of discounted rewards one may
obtain (i.e. the sup in (1) is taken over all sequences in A*).

Note that this simple regret criterion has already been studied in multi-armed bandit problems,
see Bubeck et al. [2009a], Audibert et al. [2010].

An important application of this framework concerns the problem of planning in Markov Decision
Processes (MDPs) with very large state spaces. We assume that the agent possesses a generative
model which enables to generate a reward and a transition from any state-action to a next state,
according to the underlying reward and transition model of the MDP. In this context, we propose
to use the generative model to perform a planning from the current state (using a finite budget of n
calls to a generative model) to generate a near-optimal action a(n) and then apply a(n) in the real
environment. This action modifies the environment and the planning procedure is repeated from
the next state to select the next action and so on. From each state, the planning consists in the
exploration of the set of possible sequences of actions as described in Figure 1, where the generative
model is used to generate the rewards.

Note that, using control terminology, the setting described above (from a given state) is called
“open-loop” planning, because the class of considered policies (i.e. sequences of actions) are only
function of time (and not of the underlying resulting states). This open-loop planning is in general
sub-optimal compared to the optimal (closed-loop) policy (mapping from states to actions). However,
here, while the planning is open-loop (i.e. we do not take into consideration the subsequent states



in the planning), the resulting policy is closed-loop (since the chosen action depends on the current
state).

This approach to MDPs has already been investigated as an alternative to usual dynamic pro-
gramming approaches (which approximate the optimal value function to design a near optimal
policy) to circumvent the computational complexity issues. For example, Kearns et al. describe a
sparse sampling method that uses a finite amount of computational resources to build a look-ahead
tree from the current state, and returns a near-optimal action with high probability.

Another field of application is POMDPs (Partially Observable Markov Decision Problems), where
from the current belief state an open-loop plan may be built to select a near-optimal immediate action
(see e.g. Yu et al. [2005], Hsu et al. [2007]). Note that, in these problems, it is very common to have
a limited budget of computational resources (CPU time, memory, number of calls to the generative
model, ...) to select the action to perform in the real environment, and we aim at making an efficient
use of the available resources to perform the open-loop planning.

Moreover, in many situations, the generation of state-transitions is computationally expensive,
thus it is critical to make the best possible use of the available number of calls to the model to output
the action. For instance, an important problem in waste-water treatment concerns the control of
a biochemical process for anaerobic digestion. The chemical reactions involve hundreds of different
bacteria and the simplest models of the dynamics already involve dozens of variables (for example,
the well-known model called ADM1 Batstone et al. [2002] contains 32 state variables) and their
simulation is numerically heavy. Because of the curse of dimensionality, it is impossible to compute
an optimal policy for such model. The methodology described above aims at a less ambitious goal,
and search for a closed-loop policy which is open-loop optimal at each time step. While this policy is
suboptimal, it is also a more reasonable target in terms of computational complexity. The strategy
considered here proposes to use the model to simulate transitions and perform a complete open-loop
planning at each time step.

The main contribution of the paper is the analysis of an adaptive exploration strategy of the
search space, called Open-Loop Optimistic Planning (OLOP), which is based on the “optimism in
the face of uncertainty” principle, i.e. where the most promising sequences of actions are explored
first. The idea of optimistic planning has already been investigated in the simple case of deterministic
environments, Hren and Munos [2008]. Here we consider the non-trivial extension of this optimistic
approach to planning in stochastic environments. For that purpose, upper confidence bounds (UCBs)
are assigned to all sequences of actions, and the exploration expands further the sequences with
highest UCB. The idea of selecting actions based on UCBs comes from the multi-armed bandits
literature, see Lai and Robbins [1985], Auer et al. [2002]. Planning under uncertainty using UCBs
has been considered previously in Chang et al. [2007] (the so-called UCB sampling) and in Kocsis and
Szepesvari [2006], where the resulting algorithm, UCT (UCB applied to Trees), has been successfully
applied to the large scale tree search problem of computer-go, see Gelly et al. [2006]. However, its
regret analysis shows that UCT may perform very poorly because of overly-optimistic assumptions in
the design of the bounds, see Coquelin and Munos [2007]. Our work is close in spirit to BAST (Bandit
Algorithm for Smooth Trees), Coquelin and Munos [2007], the Zooming Algorithm, Kleinberg et al.
[2008] and HOO (Hierarchical Optimistic Optimization), Bubeck et al. [2009b]. Like in these previous
works, the performance bounds of OLOP are expressed in terms of a measure of the proportion of
near-optimal paths.

However, as we shall discuss in Section 4, these previous algorithms fail to obtain minimax
guarantees for our problem. Indeed, a particularity of our planning problem is that the value of
a sequence of action is defined as the sum of discounted rewards along the path, thus the rewards
obtained along any sequence provides information, not only about that specific sequence, but also
about any other sequence sharing the same initial actions. OLOP is designed to use this property
as efficiently as possible, to derive tight upper-bounds on the value of each sequence of actions.



Note that our results does not compare with traditional regret bounds for MDPs, such as the
ones proposed in Auer et al. [2009]. Indeed, in this case one compares to the optimal closed-loop
policy, and the resulting regret usually depends on the size of the state space (as well as on other
parameters of the MDP).

Outline. We exhibit in Section 2 the minimax rate (up to a logarithmic factor) for the simple
regret in discounted and stochastic environments: both lower and upper bounds are provided. Then
in Section 3 we describe the OLOP strategy, and show that if there is a small proportion of near-
optimal sequences of actions, then faster rates than minimax can be derived. Finally in Section 4
we compare our results with previous works and present several open questions.

Notations To shorten the equations we use several standard notations over alphabets. We collect
them here: A° = {(}}, A* is the set of finite words over A (including the null word (), for a € A*
we note h(a) the integer such that a € A" qA" = {ab,b € A"}, for a € A" and b’ > h we note
a1y =al...0 and ar.9 = 0.

2 Minimax optimality

In this section we derive a lower bound on the simple regret (in the worst case) of any agent, and
propose a simple (uniform) forecaster which attains this optimal minimax rate (up to a logarithmic
factor). The main purpose of the section on the uniform planning is to show explicitly the special
concentrations property that our model enjoys.

2.1 Minimax lower bound

We propose here a new lower bound, whose proof can be found in Appendix A and which is based
on the technique developed in Auer et al. [2003]. Note that this lower bound is not a particular case
of the ones derived in Kleinberg et al. [2008] or Bubeck et al. [2009b] in a more general framework,
as we shall see in Section 4.

Theorem 1 Any agent satisfies:

log1l/y

0 (“ﬂ) e e > if WK >1,

n

Q \/loi;"> if WK <1.

sup Er,, =
14

2.2 Uniform Planning

To start gently, let us consider first (and informally) a naive version of the uniform planning. One
can choose a depth H, uniformly test all sequences of actions in A? (with (n/H)/K* samples for
each sequence), and then return the empirical best sequence. Cutting the sequences at depth H
implies an error of order v, and relying on empirical estimates with (n/H)/K" samples adds an

error of order HTKH, leading to a simple regret bounded as O <7H + 4/ HTKH . Optimizing over

H yields an upper bound on the simple regret of the naive uniform planning of order:

1 1 11(05211/«, 1/
og ogl/~
( < ogn> )7 (2)
n

which does not match the lower bound. The cautious reader probably understands why this version
of uniform planning is suboptimal. Indeed we do not use the fact that any sequence of actions of the




form ab gives information on the sequences ac. Hence, the concentration of the empirical mean for
short sequences of actions is much faster than for long sequences. This is the critical property which
enables us to fasten the rates with respect to traditional methods, see Section 4 for more discussion
on this.

We describe now the good version of uniform planning. Let H € N be the largest integer such
that HKH < n. Then the procedure goes as follows: For each sequence of actions a € A, the
uniform planning allocates one episode (of length H) to estimate the value of the sequence a, that is
it receives Y,* ~ v(a14), 1 <t < H (drawn independently). At the end of the allocation procedure,
it computes for all @ € A", h < H, the empirical average reward of the sequence a:

_ 1
@) =27 Do Y
beEAH by p=a

(obtained with K*~" samples.) Then, for all @ € A¥ it computes the empirical value of the

sequence a:
H

V(a) = y'hilar).
t=1

It outputs a(n) € A defined as the first action of the sequence argmax,c an ?(a) (ties break arbi-
trarily).

This version of uniform planning makes a much better use of the reward samples than the
naive version. Indeed, for any sequence a € A", it collects the rewards Y,f received for sequences
b € aAP =" to estimate u(a). Since |[aAT~"| = KH~" we obtain an estimation error for u(a) of
order vV K"=H_ Then, thanks to the discounting, the estimation error for V(a), with a € A is of
order K—H/2 Zthl(fy\/E ). On the other hand, the approximation error for cutting the sequences
at depth H is still of order v. Thus, since H is the largest depth (given n and K) at which we can
explore once each node, we obtain the following behavior: When K is large, precisely yWVK > 1,
then H is small and the estimation error is of order v, resulting in a simple regret of order
p—(og1/7)/1og K Op the other hand, if v is small, precisely vv/K < 1, then the depth H becomes
less important, and the estimation error is of order K~H/2 resulting in a simple regret of order
n~1/2. This reasoning is made precise in Appendix B (supplementary material section), where we
prove the following Theorem.

Theorem 2 The (good) uniform planning satisfies:

logl/vy
O viogn (‘05") oK > if WK > 1,
By < 0 ) i WE =1,
O k’j;) if WK <1.

Remark 3 We do not know whether the \/logn (respectively (logn)3/? in the case WK = 1) gap
between the upper and lower bound comes from a suboptimal analysis (either in the upper or lower
bound) or from a suboptimal behavior of the uniform forecaster.

3 OLOP (Open Loop Optimistic Planning)

The uniform planning described in Section 2.2 is a static strategy, it does not adapt to the rewards
received in order to improve its exploration. A stronger strategy could select, at each round, the



next sequence to explore as a function of the previously observed rewards. In particular, since the
value of a sequence is the sum of discounted rewards, one would like to explore more intensively
the sequences starting with actions that already yielded high rewards. In this section we describe
an adaptive exploration strategy, called Open Loop Optimistic Planning (OLOP), which explores
first the most promising sequences, resulting in much stronger guarantees than the one derived for
uniform planning.

OLOP proceeds as follows. It assigns upper confidence bounds (UCBs), called B-values, to all
sequences of actions, and selects at each round a sequence with highest B-value. This idea of a
UCB-based exploration comes from the multi-armed bandits literature, see Auer et al. [2002]. It
has already been extended to hierarchical bandits, Chang et al. [2007], Kocsis and Szepesvari [2006],
Coquelin and Munos [2007], and to bandits in metric (or even more general) spaces, Auer et al.
[2007], Kleinberg et al. [2008], Bubeck et al. [2009b)].

Like in these previous works, we express the performance of OLOP in terms of a measure of the
proportion of near-optimal paths. More precisely, we define k. € [1, K] as the branching factor of

h+1
'Y+

1=y

the set of sequences in A" that are ¢ — -optimal, where c is a positive constant, i.e.

1/h

7h+1
;-@climsupHaeAh:V(a)ZVC1 } (3)

h—o0 -7

7h,+1
1=
perfect knowledge of the discounted sum of mean rewards Z?Zl vtu(as.) is not sufficient to decide
whether a belongs to an optimal path or not, because of the unknown future rewards for ¢ > h. In

the main result, we consider ko (rather than k1) to account for an additional uncertainty due to the

Intuitively, the set of sequences a € A" that are -optimal are the sequences for which the

empirical estimation of Zle vtu(ar.t). In Section 4, we discuss the link between x and the other
measures of the set of near-optimal states introduced in the previously mentioned works.

3.1 The OLOP algorithm

The OLOP algorithm is described in Figure 2. It makes use of some B-values assigned to any
sequence of actions in A¥. At time m = 0, the B-values are initialized to +o00. Then, after episode
m > 1, the B-values are defined as follows: For any 1 < h < L, for any a € A", let

m
Ta(m) = 1{a},, = a}
s=1
be the number of times we played a sequence of actions beginning with a. Now we define the

empirical average of the rewards for the sequence a as:

- 1 &
ﬁba m)= YS]]' CLS: =ay,
( ) Ih(7n) 2&; h { 1:h }

if T,(m) > 0, and 0 otherwise. The corresponding upper confidence bound on the value of the
sequence of actions a is by definition:

h
N 2log M ~h+1
Ua(m) = Y Blar (m) + 7' | 7 m T1oy
t=1 ai:t

if T,,(m) > 0 and 400 otherwise. Now that we have upper confidence bounds on the value of many
sequences of actions we can sharpen these bounds for the sequences a € A" by defining the B-values
as:

Ba(m) = 1%2£L Uay, ().



Open Loop Optimistic Planning:

Let M be the largest integer such that M[log M/(2log1/v)] < m. Let L =
[log M/(2log1/7)].

For each episode m = 1,2,..., M;

(1) The agent computes the B—values at time m — 1 for sequences of actions
in A¥ (see Section 3.1) and chooses a sequence that maximizes the corre-
sponding B-value:

a™ € argmax Bo(m — 1).
acAL
(2) The environment draws the sequence of rewards Y, ~ v(a7y), t =1,..., L.

Return an action that has been the most played: a(n) = argmax, 4 To(M).

Figure 2: Open Loop Optimistic Planning

At each episode m = 1,2,...,M, OLOP selects a sequence a™ € A" with highest B-value,
observes the rewards Y, ~ v(al4), t = 1,..., L provided by the environment, and updates the
B-values. At the end of the exploration phase, OLOP returns an action that has been the most
played, i.e. a(n) = argmax,¢ 4 To(M).

3.2 Main result

Theorem 4 (Main Result) Let ko € [1, K] be defined by (3). Then, for any k' > k2, OLOP
satisfies:

- og1/
0 n‘lfm?) if VWK > 1,
Er,, = R
O n—é> if YK < 1.
(We say that u, = O(v,) if there exists a, 3 > 0 such that u, < a(log(v,))?v,)

Remark 5 One can see that the rate proposed for OLOP greatly improves over the uniform planning
whenever there is a small proportion of near-optimal paths (i.e. k is small). Note that this does
not contradict the lower bound proposed in Theorem 1. Indeed k provides a description of the
environment v, and the bounds are expressed in terms of that measure, one says that the bounds are
distribution-dependent. Nonetheless, OLOP does not require the knowledge of k, thus one can take
the supremum over all k € [1, K], and see that it simply replaces k by K, proving that OLOP is
minimaz optimal (up to a logarithmic factor).

Remark 6 In the analysis of OLOP, we relate the simple regret to the more traditional cumulative

regret, defined at round n as R,, = Zn]\le (V - V(am)>. Indeed, in the proof of Theorem J, we

first show that r, = O (%), and then we bound (in expectation) this last term. Thus the same
bounds apply to ER,, with a multiplicative factor of order n. In this paper, we focus on the simple
regret rather than on the traditional cumulative regret because we believe that it is a more natural
performance criterion for the planning problem considered here. However note that OLOP is also
minimaz optimal (up to a logarithmic factor) for the cumulative regret, since one can also derive
lower bounds for this performance criterion using the proof of Theorem 1.



Remark 7 One can also see that the analysis carries over to rk =V —V (argmax, ¢ 41 T,(M)),
that is we can bound the simple regret of a sequence of actions in AY rather than only the first action
a(n) € A. Thus, using n actions for the exploration of the environment, one can derive a plan of
length L (of order logn) with the optimality guarantees of Theorem 4.

4 Discussion

In this section we compare the performance of OLOP with previous algorithms that can be adapted
to our framework. This discussion is summarized in Figure 3. We also point out several open
questions raised by these comparisons.

Comparison with Zooming Algorithm/HOO: In Kleinberg et al. [2008] and Bubeck et al.
[2009b], the authors consider a very general version of stochastic bandits, where the set of arms
X is a metric space (or even more general spaces in Bubeck et al. [2009b]). When the underlying
mean-payoff function is 1-Lipschitz with respect to the metric (again, weaker assumption are derived
in Bubeck et al. [2009b]), the authors propose two algorithms, respectively the Zooming Algorithm
and HOO, for which they derive performances in terms of either the zooming dimension or the
near-optimality dimension. In a metric space, both of these notions coincide, and the corresponding
dimension d is defined such that the number of balls of diameter € required to cover the set of arms
that are e-optimal is of order e~¢. Then, for both algorithms, one obtains a simple regret of order
O(n~1/(@+2)) (thanks to Remark 6).

Up to minor details, one can see our framework as a A°°-armed bandit problem, where the mean-
payoff function is the sum of discounted rewards. A natural metric £ on this space can be defined

h(a,b)+1

as follows: For any a,b € A, {(a,b) = 717, where h(a,b) is the maximum depth ¢ > 0 such

that a1.; = b14+. One can very easily check that the sum of discounted reward is 1-Lipschitz with
respect to that metric, since Y_,; v*[u(ar) — p(bia)| = D s h(ab) 1 Ylar.e) — pu(bie)| < €(a,b).
We show now that ko, defined by (3), is closely related to the near-optimality dimension. Indeed,
hl(i)ﬂ . Thus, from the definition of ko, the

v ,Yh+1
1—~
. Thanks to this result, we can see

note that the set e A% can be seen as a ball of diameter X

-optimal paths is of order of ",

number of balls of diameter g required to cover the set of 2

log k
log 1/~
that applying the Zooming Algorithm or HOO in our setting yield a simple regret bounded as:

which implies that the near-optimality dimension is d =

log 1/~

Er, = O(n~Y(@+2)) = O(n~ wertziosirm )., (4)

Clearly, this rate is always worse than the ones in Theorem 4. In particular, when one takes the
supremum over all x, we find that (4) gives the same rate as the one of naive uniform planning in
(2). This was expected since these algorithms do not use the specific shape of the global reward
function (which is the sum of rewards obtained along a sequence) to generalize efficiently across
arms. More precisely, they do not consider the fact that a reward sample observed for an arm (or
sequence) ab provides strong information about any arm in aA*. Actually, the difference between
HOO and OLOP is the same as the one between the naive uniform planning and the good one (see
Section 2.2).

However, although things are obvious for the case of uniform planning, in the case of OLOP,
it is much more subtle to prove that it is indeed possible to collect enough reward samples along
sequences ab,b € A* to deduce a sharp estimation of u(a). Indeed, for uniform planning, if each
sequence ab, b € A" is chosen once, then one may estimate y(a) using K" reward samples. However in
OLOP, since the exploration is expected to focus on promising sequences rather than being uniform,
it is much harder to control the number of times a sequence a € A* has been played. This difficulty
makes the proof of Theorem 4 quite intricate compared to the proof of HOO for instance.
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Figure 3: Comparison of the exponent rate of the bounds on the simple regret for OLOP, (good)
uniform planning, UCB-AIR, and Zooming/HOO, as a function of x € [1, K], in the case K2 > 1.

Comparison with UCB-AIR: When one knows that there are many near-optimal sequences of
actions (i.e. when k is close to K), then one may be convinced that among a certain number of paths
chosen uniformly at random, there exists at least one which is very good with high probability. This
idea is exploited by the UCB-AIR algorithm of Wang et al. [2009], designed for infinitely many-
armed bandits, where at each round one chooses either to sample a new arm (or sequence in our
case) uniformly at random, or to re-sample an arm that has already been explored (using a UCB-like
algorithm to choose which one). The regret bound of Wang et al. [2009] is expressed in terms of the
probability of selecting an e-optimal sequence when one chooses the actions uniformly at random.
More precisely, the characteristic quantity is 3 such that this probability is of order of €. Again,
one can see that kg is closely related to 8. Indeed, our assumption says that the proportion of
e-optimal sequences of actions (with e = 2%) is O(k"), resulting in k = K~?. Thanks to this
result, we can see that applying UCB-AIR in our setting yield a simple regret bounded as:

log 1/

E O(n~z) it k> Kr
Tn = - 1 -
O(n_ﬁ) = O(nilogK/nJrlogl/w) if K < K~
As expected, UCB-AIR is very efficient when there is a large proportion of near-optimal paths. Note
that UCB-AIR requires the knowledge of 5 (or equivalently ).

Figure 3 shows a comparison of the exponents in the simple regret bounds for OLOP, uniform
planning, UCB-AIR, and Zooming/HOO (in the case K42 > 1). We note that the rate for OLOP
is better than UCB-AIR when there is a small proportion of near-optimal paths (small k). Uni-
form planning is always dominated by OLOP and corresponds to a minimax lower bound for any
algorithm. Zooming/HOO are always strictly dominated by OLOP and they do not attain minimax
performances.

Comparison with deterministic setting: In Hren and Munos [2008], the authors consider a
deterministic version of our framework, precisely they assume that the rewards are a deterministic
function of the sequence of actions. Remarkably, in the case kv > 1, we obtain the same rate for the



simple regret as Hren and Munos [2008]. Thus, in this case, we can say that planning in stochastic
environments is not harder than planning in deterministic environments (moreover, note that in
deterministic environments there is no distinction between open-loop and closed-loop planning).

Open questions: We identify four important open questions. (i) Is it possible to attain the
performances of UCB-AIR when « is unknown? (ii) Is it possible to improve OLOP if k is known?
(iii) Can we combine the advantages of OLOP and UCB-AIR to derive an exploration strategy with
improved rate in intermediate cases (i.e. when 1/4% < k < yK)? (iv) What is a problem-dependent
lower bound (in terms of x or other measures of the environment) in this framework? Obviously
these problems are closely related, and the current behavior of the bounds suggests that question
(iv) might be tricky. As a side question, note that OLOP requires the knowledge of the time-horizon
n, we do not know whether it is possible to obtain the same guarantees with an anytime algorithm.
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A  Proof of Theorem 1

Let ¢ € [0,1/2]. For h > 1 and b € A" we define the environment v, as follows. If a ¢ A" then
vp(a) = 0o If a € A"\ {b} then vy(a) = Ber (1:5). And finally we set v,(b) = Ber (1££). We also
note vy the environment such that if a ¢ A" (vespectively a € A") then vg(a) = dy (respectively

vo(a) = Ber (152)). Note that, under v, for any a € A\ {b1}, we have V — V(a) = ey".

We clearly have

1
sup E,, 7, = sup ey"P,, (a(n) # b)) > y"e | 1 - Kh Z Py, (a(n) = b1)
be AR be Al be AR

Now by Pinsker’s inequality we get

Py, (a(n) = b1) < Py, (a(n) = by) + ,/%KL (P, P,,).

1 1
ﬁ Z ]P’l,o(a(n) = bl) = E
be Ah

Note that

Using the chain rule for Kullback Leibler’s divergence, see Cesa-Bianchi and Lugosi [2006], we obtain

1—c 1
KL (P,,,P,, ) <KL( > ﬂ“)

11



Note also that KL (%, 1—'58) < 12%25 < 4e? and thus by the concavity of the square root we obtain:

%Z\/WS ;hZEVOTb(n)S\/ n

hKh’
be Al be Al

1 n
5 h = -
Jup Bantn 2 7% (1 KV hKh> '
1

Taking ¢ = $min(1,/hK"/n) yields the lower bound -+" min(1, \/hK"/n). The proof is con-

cluded by taking h = log(nlog(1/~?%)/logn)/log(1/~?) if yW/K < 1 and h = log(nlog K/logn)/log K
if yvEK > 1.

So far we proved:

B Proof of Theorem 2

First note that, since H is the largest integer such that HKH < n, it satisfies:

log(nlog K/logn)
log K ) (5)

logn
>H >
log K — =

Let a = arg max,c on \7((1) and a* € A be such that V(a*) = V. Then we have

Er, V —E V(a(n))
< V-EV(@)
yHH! 4 h *
< 157 hzlv (u(ai.p) — Ep(an))
FHH - h (s ~ < h ~
< 1z ot hZIW E(n(al.n) — m(an)) + ;7 E (F(a1:n) — (@)

Now remark that .
> 'Eiats) — i) = E (Vila') = Vu(@) <o0.
h=1

Moreover by Hoeffding’s inequality,

- log K"
E max (i(a) — p(a)) <\ 52

H+1 H

y | Hlog K h
Er, < + E vVE)". 6
n = 1—7 2KH h:l(’y ) (6)

Now consider the case yvK > 1. We have

Hlog K < h _ \/E(V\/?)H _ H
Vg VR = o SRS ) < o)

Thus we obtain

Plugging this into (6) and using (5), we obtain

logl/y

Er, = O(VHy") = 0<\/@ (loi”) o )

12



In the case yv/K = 1, we have

o H 3/2
Vg S ovVR) =0 Do) = oty

h=1

Plugging this into (6) and using (5), we obtain:

Er, = O(HAH) = 0((105%‘)2)

Finally, for vvK < 1, we have

Plugging this into (6) and using (5), we obtain:

-0l F)-o(2%)
C Proof of Theorem 4

The proof of Theorem 4 is quite subtle. To present it in a gentle way we adopt a pyramidal proof
rather than a pedagogic one. We propose seven lemmas, which we shall not motivate in depth, but
prove in details. The precise architecture of the proof is as follows: Lemma 8 is a preliminary step,
it justifies Remark 6. Then Lemma 9 underlines the important cases that we have to treat to show
that suboptimal arms are not pulled too often. Lemma 10 takes care of one of these cases. Then,
from Lemma 11 to 14, each Lemma builds on its predecessor. The main result eventually follows
from Lemma 8 and 14 together with a simple optimization step.

We introduce first a few notations that will be useful. Let 1 < H < L and a* € AL such that
A(a*) = 0. We define now some useful sets for any 1 <h < H and 0 < W/ < h;

h+1

2
Io = {0}, 7, = {a € A" Afa) < 17 } /= {a e A" a1p_1 €Tp_1 and a ¢Ih} )

Note that, from the definition of ko, we have that for any ' > ko, there exists a constant C such
that for any h > 1,
|Ih| § Cl‘&l. (7)

Now for 1 < m < M, and a € A! with t < h, write

8
P}?’h/(m) = {b S G/Ah_t N jh : Tb(m) Z ?

(h+ 1)272(’“_}” log M + 1} .
Finally we also introduce the following random variable:

8 ‘
74 (m) = 1 {mm S < (4 ) P log M 41 < mm)} .

Lemma 8 The following holds true,

2aKyH+ 3K I
< = 4 WZ::Z;

1—v
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Proof Since a(n) € argmaxqeca To(M), we have T, (M) > M/K, and thus:

R (v =via) = (V- Viaw) ) T Z V-V

Hence, we have, r,, < % Zf\f:l V — V(a™). Now remark that, for any sequence of actions a € A%,
we have either:

® a1.5 € Zy; which implies V — V(a) < 2¥i:1.
e or there exists 1 < h < H such that ay., € Jp; which implies V-V (a) < V-V (ay.p-1)+ 112 <
3"
1—v"
Thus we can write:
M M
Y (V-v@m) = > (Vv (]l{a €Iy} +1{31<h<H:a}, ejh}>
m=1 m=1
< 7
h=1a€J}
which ends the proof of Lemma 8. |

The rest of the proof is devoted to the analysis of the term E>~ . - T,(M). In the stochastic
bandit literature, it is usual to bound the expected number of times a suboptimal action is pulled
by the inverse suboptimality (of this action) squared, see for instance Auer et al. [2002] or Bubeck
et al. [2009b]. Specialized to our setting, this implies a bound on ET, (M), for a € J,, of order y~2".
However, here, we obtain much stronger guarantees, resulting in the faster rates. Namely we show
that E ZaGJJ w(M) is of order (k') (rather than (x')"y~2" with previous methods).

The next lemma describes under which circumstances a suboptimal sequence of actions in Jj
can be selected.

Lemma 9 Let 0<m<M—1,1<h<Landac Jy. Ifa™t! € aA* then it implies that one the
three following propositions is true:

M<K <L:iUp: (M) <V, (8)
or
b 2log M
) > to) o
Z Y :U(h t V( ) Z Y Tallt (m) ) (9)
t=1 :
or

h+1

h
2log M vy
2 E 7 >
—  \ Tap(m) ~ 1—v

(10)
Proof If ™! € aA* then it implies that U,(m) > inf1<p<r, Ua: ,(m). That is either (8) is true
or

h+1

h i~ . [ 2logM v
m) = 34 ) £ [ e 2 V.
— ai:t
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In the latter case, if (9) is not satisfied, it implies

21oe M h+1
) +2 Z Og +l v (11)

a1 t ) 1- Y
Since a € Jp, we have V —V(a) — 1_71 > ”f_t: which shows that equation (11) implies (10) and ends
the proof. |

We show now that both equations (8) and (9) have a vanishing probability of being satisfied.
Lemma 10 The following holds true, for any 1 < h < L and m < M,
P(equation (8) or (9) is true) < m(L 4+ h)M~* = O(M~3).

Proof Since V < Y1 ~'u(al,) + '{h%, we have,

PE1<h<L:U;, (m)<V)

h h
R 2log M .
S ]P)(H 1 S h S L: E 'Yt (Mai‘:t (m) + w) S E Vtu(al:t) and Ta;:h (m) Z 1)
t=1

t=1 ai:¢

2log M
Ta{:t (m)

- 2log M .
S Z]P(/,Lait(m) + m S u(al:t) and Tait(m) Z 1)
Ayt

IA
~
N
L
—_
A
~+
VAN
™~
=
H@
)

< fat,) and Tig, (m) 2 1)

Now we want to apply a concentration inequality to bound this last term. To do it properly we exhibit
a martingale and apply the Hoeffding-Azuma inequality for martingale differences (see Hoeffding
[1963]). Let

Sj =min{s: Tor (s) =j}, j > 1.

If S; < M, we define Y; = Ytsj, and otherwise Y; is an independent random variable with law
v(at,). We clearly have,

~ 2log M
]P)(,U/ait (m) + T

a;, (m)

IN

plata) and Tig, (m) > 1)

2log M

Tog.
2 T, ()

- 1 — -~ 2log M
IJE < plaly) ).
> (ug 4y 2 _u<a1_t>)

u=1

’*<z
INA

u(aly) and T (m) > 1)

IN

Now we have to prove that f’J — u(at.,) is martingale differences sequence. This follows via an
optional skipping argument, see [Doob, 1953, Chapter VII, Theorem 2.3]. Thus we obtain

2log M
P(equation (8) is true) < Z Z exp ( o8 ) = LmM™%,

t=1u=1

The same reasoning gives
P(equation (9) is true) < mhM ~*,
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which concludes the proof. |

The next lemma proves that, if a sequence of actions has already been pulled enough, then
equation (10) is not satisfied, and thus using lemmas 9 and 10 we deduce that with high probability
this sequence of actions will not be selected anymore. This reasoning is made precise in Lemma 12.

Lemma 11 Let 1 < h < L, a € J, and 0 <K' < h. Then equation (10) is not satisfied if the two
following propositions are true:
8

~(h+ 1) M log M, (12)
72

VO <t <h, T, (m)>
and

(h + 1)%42("" =M 10g M. (13)

T(m) > >

Proof Assume that (12) and (13) are true. Then we clearly have:

2log M 210gM 2log M
22” Turs(m) 2“’”ZV\/ Y o)

7 / t—h'
< My Z o
h+1 h+1 t=h'+1
h+1
h+1 1—7
h+1
< il ,
= 10
which proves the result. n

Lemma 12 Let 1 < h < L,a € Jy, and 0 < I < h. Then T (m+1) = 1 implies that either
equation (8) or (9) is satisfied or the following proposition is true:

30 <t <A PR (m)] < A2, (14)

Proof If 74 ,,(m + 1) = 1 then it means that a™*" € aA* and (13) is satisfied. By Lemma 9 this
implies that either (8), (9) or (10) is true and (13) is satisfied. Now by Lemma 11 this implies that
(8) is true or (9) is true or (12) is false. We now prove that if (14) is not satisfied then (12) is true,
which clearly ends the proof. This follows from: For any 0 <t < h/,

8

~ (h 4 1)242t=") 1og M.

N8 /
T (m)= Y Ty(m) >0 )ﬁ(h +1)22 M 1og M =

beay.  Ah—t

The next lemma is the key step of our proof. Intuitively, using lemmas 9 and 12, we have a
good control on sequences for which equation (14) is satisfied. Note that (14) is a property which
depends on sub-sequences of a from length 1 to h’. In the following proof we will iteratively ”drop”
all sequences which do not satisfy (14) from length ¢ onwards, starting from ¢ = 1. Then, on the
remaining sequences, we can apply Lemma 12.
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Lemma 13 Let 1 <h <L and 0 < h' < h. Then the following holds true,
[P, (M) =0 | 4 o Y (vK) + ()" M2

Proof Let i’ > 1 and 0 < s < h'. We introduce the following random variables:

my = min (M, min {m >0: |7Dg,h,(m)‘ > 72(shf)}> )

We will prove recursively that,

PR (m) < DT+

t=0 a€Zy

Phe \ UimoPp i (mi ') .

The result is true for s = 0 since Zy = {#} and by definition of mQ,

[P (m)] <772 [P (m) \ P (mf).

Now let us assume that the result is true for s < h/. We have:

D

P (m) \ Ui Py (mi )

= Z ’Phh’ )\ Uimo Pl (mi*)

a€Zs a€Zlgy1
S Z 72(8—&-1—}/) + ‘,PZ h/( ) \ Us—i—lp}(:lht/( ai: t)
a€Zls41
= 72(s+1_hl) IIs+1‘ + Z P}?,h’ ) \ US+17);:1hf/< e f) 5

a€ZLsy1

which ends the proof of (15). Thus we proved (by taking s = b’ and m = M):

h/

PR (M) < D PCIIT 4 Y PR (M) \ Ui PR (mi)
t=0 a€Zy,,
h/
DRI+ Y PR (M) \ UG P (mi)
t=0 acJp

Now, for any a € Jy, let 7 = maxo<i<p my**. Note that for m > 7, equation (14) is not satisfied.
Thus we have

M-—1 M—1
Phw \UiZo P (mi ) Z T (m+1) = Ty (M + 1) 1{(14) is not satisfied }
m=0
M—1
< T (m 4 1) T{(8) or (9) is satisfied}.
m=0

where the last inequality results from Lemma 12. Hence, we proved:

M-—1

|77h wl < Z’y =)\, + Z Z 1{(8) is satisfied}.

m=0 a€J}p
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Taking the expectation, using (7) and applying Lemma 10 yield the claimed bound for A’ > 1.

Now for A/ = 0 we need a modified version of Lemma 12. Indeed in this case one can directly
prove that 77 o(m + 1) = 1 implies that either equation (8) or (9) is satisfied (this follows from the
fact that 7 o(m + 1) = 1 always imply that (12) is true for A’ = 0). Thus we obtain:

M-1 M-1
|P27h'| = Z Z Tho(m+1) < Z Z 1{(8) or (9) is satisfied}.
m=0 a€Jp m=0 a€J},

Taking the expectation and applying Lemma 10 yield the claimed bound for A’ = 0 and ends the
proof. |

Lemma 14 Let 1 < h < L. The following holds true,

h
EY T.(M)=0 (v% S0P+ ()1 +72hM2)> .

a€Jp h'=1

Proof We have the following computations:

h—1
dNomM) = Y T+ Y Y Tu(M)+ Y Tu(M)

acJn aGJh,\Pg’hfl h'=1 aepg,h,’\Pg,h,’—l aePQYO
8 h—1 8
< ?(h AU VAESY) ?(h +1)220 1 o0g MIPE |+ MIPE |
h'=1

h—1

- 0 ((n’)h +y7 TP+ M|P270|> .
h'=1

Taking the expectation and applying the bound of Lemma 13 gives the claimed bound. |

Thus by combining Lemma 8 and 14 we obtain for x'y? < 1:
E'I"n — O~ (,YH 4 ’Y_HM_l 4 (K’)H')/_HM_g) ;
and for k'y% > 1: 3
E’f'n _ O (,YH 4 (KJ/’}/)HM_l + (I’il)H’}/_HM_g) )

Thus in the case k2 < 1, taking H = |log M/(2log1/7)| yields the claimed bound; while for
k'y? > 1 we take H = |[log M/logx'|. Note that in both cases we have H < L (as it was required
at the beginning of the analysis).
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